This paper introduces a fast algorithm for obtaining a uniform resolution representation of a function known at a latitude-longitude grid on the surface of a sphere, equivalent to a triangular, isotropic truncation of the spherical harmonic coe cients for the function. The proposed spectral truncation method, which is based on the fast multipole method and the fast Fourier transform, projects the function to a space with uniform resolution while avoiding surface harmonic transformations. The method requires ON 2 log N operations for ON 2 grid points, as opposed to ON 3 operations for the standard spectral transform method, providing a reduced-complexity spectral method obviating the pole problem in the integration of time-dependent partial di erential equations on the sphere. The lter's performance is demonstrated with numerical examples.
Introduction
The standard spectral transform algorithm used in weather and climate modeling for spherical geometry is not of optimal computational complexity. For a function tabulated at ON 2 points on the sphere, the spectral transform algorithm to obtain the corresponding surface harmonic coe cients requires ON 3 operations. The inverse transformation, from coe cients to grid values, is of like cost. At high resolution, the surface harmonics transformation is the most expensive operation of the spectral transform method; other operations are of asymptotic complexity of at most ON 2 log N. Orszag 11 has described an algorithm for fast transformation with asymptotic cost ON 2 log 2 N=log log N. His algorithm, however, based on a low-order WKB method, is unlikely to be e ective in applications requiring high accuracy. Driscoll and Healy 3 and, more recently, Healy, Moore, and Rockmore 7 have proposed a fast surface harmonics transformation algorithm of asymptotic complexity ON 2 log 2 N, but some questions remain regarding its e ciency and stability. Alpert and Rokhlin 1 have described a fast algorithm for transforming Legendre polynomial expansions, but it appears not to generalize to the spherical case. Swarztrauber 12 has reviewed other transformation algorithms.
In this paper we i n troduce a technique for avoiding the surface harmonics transformation, while retaining the bene ts of using surface harmonics representations. The technique is based on a fast algorithm for the orthogonal projection of a function dened on the sphere, and known at a latitude-longitude grid, onto the space spanned by a truncated surface harmonic expansion. Appropriate choice of the truncation gives representations with uniform resolution. The algorithm uses the Christo el-Darboux formula 14 for the summation of products of orthogonal polynomials, in combination with the fast multipole method 5 and the fast Fourier transform. Semi-implicit integration of partial di erential equations PDE on the sphere can be accomplished by computing products of functions in the physical domain, computing di erential operators and the inverse Laplacian in a Fourier representation 10 , and truncating to uniform resolution at each time step.
In this paper we restrict our attention to the de nition and performance of the lter itself, while leaving the demonstration of its use in the integration of PDE on the sphere to a later paper. In Section 2 we de ne the lter mathematically and describe the ltering operation via the proposed algorithm, as well as via the standard transform algorithm. In Section 3 we show accuracy and performance results for both methods.
The Spherical Filter
This section consists of three subsections: in the rst we mathematically de ne the spherical lter, in the second we summarize the standard spectral transform algorithm, and in the third we describe the novel spectral truncation method.
Isotropic Spherical Truncation
The surface harmonics Y m n ; of degree n = 0; 1; 2; : : : and order m = ,n; ,n + 1; : : : ; n , 1; n at longitude and The standard algorithm uses a particular, convenient c hoice for the grid f i ; j g presented in the next subsection. We h a ve implemented the new algorithm for this grid, but the algorithm will also work for other choices of f j g and even for one choice of f j g for f and another forf. This exibility is expected to provide some computational advantages when the lter algorithm is used for the integration of PDE.
Spectral Transform Method
The spectral transform method performs a forward and backward spherical transform for computing the truncation 6. 
Spectral Truncation Method
In this subsection we present an algorithm for applying the truncation lter 6 in ON 2 log N operations for representations of size ON 2 . An earlier presentation of this algorithm may be found in Jakob 8 . The procedure obviates the computation of surface harmonic transformations for integration of PDE on the sphere.
We suppose a function f de ned on the sphere is given by the surface harmonic expansion 4. The spectral truncation algorithm combines steps 2 and 3 of the standard spectral transform algorithm, simpli es the sum with the Christo el-Darboux formula for orthogonal polynomials, and evaluates the resulting sum with the fast multipole method.
The 
Numerical Accuracy and Performance
The spherical lter was implemented using both the spectral transform method and the new spectral truncation method to compare the two algorithms' accuracy and cost.
The spectral transform implementation was derived from the implementation of Hack and Jakob 6 , which resides in Netlib. The spectral truncation implementation used an improved FMM, as developed by Dutt and Rokhlin 4 , employing the singular value decomposition with 11 singular vectors, obtained from a 27 point Chebychev interpolation. Both implementations are in double-precision 64 bit arithmetic and share the code for the computation of the spherical harmonics. The implementation parameters are shown in Table 1 , truncation and representation errors are shown in Table 2 , and execution times are shown in Table 3 . The timings are graphed in Figure 1 .
The accuracy of the two algorithms is identical for practical purposes, and largely determined by the quality orthogonality and orthonormality of the computed spherical harmonics on the grid. For band-limited functions, the relative l 2 error Table 2 , columns 2 and 3 and l 1 error not shown of the truncation is below the orthogonality and orthonormality errors in Table IV 
